Let S be a semigroup and F be a field. For an ideal J of the semigroup algebra F[S] of S over F, let ̺J denote the restriction (to S) of the congruence on F[S] defined by the ideal J. A semigroup S is called a permutable semigroup if α • β = β • α is satisfied for all congruences α and β of S. In this paper we show that if S is a semilattice or a rectangular band then ϕ {S;F} : J → ̺J is a homomorphism of the semigroup (Con(F[S]); •) into the relations semigroup (BS; •) if and only if S is a permutable semigroup.
For a non-empty set X, let B X denote the set of all binary relation on a set X. It is known that B X form a semigroup under the operation • defined by the followong way: for arbitrary α, β ∈ B X and x, y ∈ X, (x, y) ∈ α • β if and only if there is an element z ∈ X such that (x, z) ∈ α and (z, y) ∈ β. An algebraic structure A will said to be permutable if the congruences of A commute with each other (under the operation •). For arbitrary equivalences α and β of a set X, α • β is an equivalence on X if and only if α • β = β • α. Thus an algebraic stucture A is permutable if and only if the set Con(A) of all congruences on A form a subsemigroup in the relation semigroup (B A ; •).
Let S be a semigroup and F be a field. For an ideal J of the semigroup algebra F[S], let ̺ J denote the congruence on S which is the restriction of the congruence on F[S] defined by J. For an arbitrary congruence α on S, let F[α] denote the kernel of the extended canonical homomorphishm F[S] → F[S/α]. By Lemma 5 of Chapter 4 of [5] , for every semigroup S and every field F, the mapping ϕ {S;F} : J → ̺ J is a surjective homomorphism of the semilattice (Con(F[S]); ∧) onto the semilattice (Con(S); ∧) such that ̺ F[α] = α for every congruence α on S. As a homomorphic image of a semigroup is also a semigroup, and α • β = α ∨ β is satisfied for every congruences α and β of a permutable semigroup, the assertions of the following lemma are obvious. The next example shows that the converse of the first assertion of Lemma 1 is not true, in general; for a permutable semigroup S, the condition "ϕ {S;F} is a homomorphism of (Con(F[S]); •) onto the semigroup (Con(S); •)" depends on the field F. 
{0}
It is easy to see that ker ϕ {C 4 ;F 2 } is ∨-compatible and so ϕ {C4;F2} is a homomorphism of Con(
By Lemma 1 and the above Example, it is a natural idea to find all couples (S, F) of permutable semigroups S and fields F, for which the mapping ϕ {S;F} is a homomorphism of the semigroup (Con(F[S]), •) onto the semigroup (Con(S); •). In the next we show that if S is an arbitrary permutable semilattice or an arbitrary permutable rectangular band then, for an arbitrary field F, ϕ {S;F} satisfies the previous condition.
For notations and notions not defined here, we refer to [1, 4, 5, 6] Theorem 1 Let S be a permutable semilattice. Then, for an arbitrary field F, ϕ {S;F} is a homomorphism of the semigroup (Con(F[S]), •) onto the semigroup (Con(S); •).
Proof. Assume that S is a permutable semilattice. Then, by Lemma 2 of [3] , |S| ≤ 2. We can consider the case when |S| = 2. Let
Then e 2 = e, and f 2 = f.
We can suppose that ef = f e = e.
It is clear that S has two congruences: ι S and ω S . Let F be an arbitrary field. It is easy to see that
the ideals J e and J e−f are minimal ideals of F [S] . We show that the ideals of
be a non-zero element. Then (α + β)e = e(αe + βf ) = eA ∈ J.
) is the next:
It is a matter of checking to see that the ker ϕ {S;F} -classes of Con(F[S]) are {{0}, J e } and {J e−f , F[S]}. It is easy to see that ker ϕ {S;F} is ∨-compatible and so, by Lemma 1, ϕ {S;F} is a homomorphism of the semigroup (Con (F[S] Proof. Let F be an arbitrary field and S = L × R be a permutable rectangular band. As a rectangular band satisfies the identity axyb = ayxb, that is, every rectangular band is a medial semigroup, Corollary 1.2 of [2] implies |L| ≤ 2 and |R| ≤ 2. First consider the case when |L| = 1. Then S is isomorphic to the right zero semigroup R, and |S| ≤ 2. We can suppose that |S| = 2. Let S = {e, f } (e = f ). The congruences of S are ι S and ω S . We show that the ideals of
Let J = {0} be an arbitrary ideal. Assume that there is an element 0 = α 0 e + β 0 f ∈ J for which α 0 + β 0 = 0 is satisfied. Then (α 0 + β 0 )e = (α 0 e + β 0 f )e ∈ J and so e = 1 α 0 + β 0 (α 0 + β 0 )e ∈ J from which we get f = ef ∈ J. Consequently
Next, consider the case when
Then β = −α 0 and so
Consequently, J ⊆ J e−f .
As dim(J e−f ) = 1, the ideal J e−f is minimal. Hence
Thus the ideals of F[S] are {0}, J e−f and
It is a matter of checking to see that the ker ϕ {S;F} -classes of Con(F[S]) are {{0}} and {J e−f , F[S]}. It is easy to see that ker ϕ {S;F} is ∨-compatible and so, by Lemma 1, ϕ {S;F} is a homomorphism of the semigroup (Con (F[S] ), •) onto the semigroup (Con(S); •).
If |R| = 1 then S is a left zero semigroup, and |S| ≤ 2. We can prove, as in the previous part of the proof, that ker ϕ {S;F} is ∨-compatible.
Next, consider the case when |L| = |R| = 2. Let
Let α L and α R denote the kernels of the projection homomorphisms S → L and S → R, respectively. The α L -classes of S are
The α R -classes of S are
It is easy to see that the congruences of S are ι S , α L , α R and ω S . We show that the ideals of F[S] are
. Let J be an arbitrary ideal of F [S] . Assume that there is an element
As 2 i,j=1 α i,j = 0, we get (a i , b j ) ∈ J from which it follows that S ⊆ J.
Next we show that J L ∩ J R is the only ideal of F[S] whose dimension is 1. Let   A = α 1,1 (a 1 , b 1 ) + α 1,2 (a 1 , b 2 
we have α 1,2 = −α 1,1 and α 2,2 = −α 2,1 .
we have α 2,1 = −α 1,1 and α 2,2 = −α 1,2 .
for some α ∈ F. Consequently, the ideal J L ∩ J R is generated by
To show that J L ∩ J R is the only ideal of F[S] whose dimension is 1, consider an ideal J of F[S] generated by an element
Thus there is a coefficient ξ ∈ F such that (a 1 , b 1 )B = ξB.
Assume ξ = 0. Then α 2,1 = α 2,2 = 0 and so
we can conclude that α 1,1 = α 1,2 = 0 and so B = 0. This is a contradiction. Hence ξ = 0. Thus
we get B(a 1 , b 1 ) = τ B for some τ ∈ F. Assume τ = 0. Then α 1,2 = 0 and so
we can conclude that α 1,1 = 0 and so B = 0. This is a contradiction. Hence τ = 0. Thus α 1,2 = −α 1,1 and so
Let J be an arbitrary ideal of 
As J is an ideal and A ∈ J we have
It means α = −γ which is also contradiction. Thus Con (F[S] ) is the next:
